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Abstract
The aim of this paper is to generalise the construction of 3-Bihom-Lie superalgebras
and we provide some properties can be lifted to its T ∗-extensions such as nilpotency, solv-
ability and decomposition. We study the representations, Tθ-extensions and T
∗
θ
-extension
of 3-Bihom-Lie superalgebras and prove the necessary and sufficient conditions for a 2n-
dimensional quadratic 3-Bihom-Lie superalgebra to be isomorphic to a T ∗
θ
-extension.
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1 INTRODUCTION
The origin of Hom-structures can be found in the physics literature around 1900, appearing in
the study of quasideformations of Lie algebras of vector fields. n-ary Hom-type generalization
of n-ary algebras were introduced in [11]. Derivations and generalized derivations of many
varieties of algebras and Hom-algebras were investigated in [8, 12, 17, 13, 22, 21, 23]. Then,
hom-Lie algebras were generalized to hom-Lie superalgebras by Ammar and Makhlouf [2, 3].
A Bihom-algebra is an algebra in such a way that the identities defining the structure
are twisted by two homomorphisms. This class of algebras was introduced from a categori-
cal approach in [9] as an extension of the class of Hom-algebras. When the two linear maps
are same, then Bihom-algebras will be return to Hom-algebras. The representation theory
of Bihom-Lie algebras was introduced by Cheng in [7], in which, Bihom-cochain complexes,
derivation, central extension, derivation extension, trivial representation and adjoint repre-
sentation of Bihom-Lie algebras were studied. In particular, the definition of n-Bihom-Lie
algebras was introduced in [11, 5, 6].
In 1997 Bordermann introduced the notion of T ∗-extension of Lie algebras [5], which is
a workable extensional technique since it is a one-step procedure: it is one of the main tools
to prove that every symplectic quadratic Lie algebra is a special symplectic Manin algebra
[6]. Many facts show that T ∗-extension is an important method to study algebraic structures
[5, 6, 14, 19, 15].
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In the present article, we study the 3−Bihom-Lie superalgebras, which can be viewed as an
extension of 3−Bihom-Lie algebras to Z2-graded algebras. Recently, the definition of Bihom-
Lie superalgebras were introduced in [20]. More applications of the Bihom-Lie superalgebras,
3−Bihom-Lie superalgebras can be found in [4, 10]
The paper proceds as follows. In Section 2, summarizes basic concepts and recall the def-
inition of 3-Bihom-Lie superalgebras, and show that a 3−Bihom-Lie superalgebra is given
by the direct sum of two 3-Bihom-Lie superalgebras and the tensor product of a 3-totally
Bihom-associative superalgebra and a 3-Bihom-Lie superalgebra. Also we prove that a ho-
momorphism between 3-Bihom-Lie superalgebras is a morphism if and only if its graph is a
3−Bihom subalgebra. In Section 3, we give the definition of representations of 3-Bihom-
Lie superalgebras. We can obtain the semidirect product 3-Bihom-Lie superalgebra (g ⊕
M, [·, ·, ·]ρ, α + αM , β + βM ) associated with any representation ρ of a 3-Bihom-Lie super-
algebra (g, [·, ·, ·], α, β) on M . And we can get a Tθ-extension of (g, [·, ·, ·], α, β) by a 3-cocycle
θ. In Section 4, T ∗θ -extensions of 3-Bihom-Lie superalgebras are studied. We give the neces-
sary and sufficient conditions for a 2n-dimensional quadratic 3-Bihom-Lie superalgebra to be
isomorphic to a T ∗θ -extension.
2 DEFINITIONS AND PROPRIETIES
Definition 2.1. [20] A Bihom-Lie superalgebra over a field K is a 4-tuple (g, [·, ·], α, β) con-
sisting of a Z2-graded vector space g = g0 ⊕ g1, an even bilinear map [·, ·] : g × g −→ g and
two even endomorphisms α, β : g→ g satisfying the following identities, ∀x, y, z, u, v ∈ g
1. α ◦ β = β ◦ α,
2. α([x, y]) = [α(x), α(y)], β([x, y]) = [β(x), β(y)],
3. [β(x), α(y)] = −(−1)|x||y|[β(y), α(x)],
4. 	x,y,z (−1)
|x||z|[β2(x), [β(y), α(z)]] = 0.
Theorem 2.2. Let (g, [., .]) be a Lie superalgebra and α, β : g −→ g be two algebra homo-
morphisms such that α ◦ β = β ◦ α, then (g, [., .]α,β , α, β) is a Bihom-Lie superalgebra, where
[x, y]α,β = [α(x), β(y)].
Proof. Obviously [., .]α,β is Bihom-superskewsymmetric. Furthermore (g, [., .]α,β , α, β) satisfies
the Bihom-super-Jacobi condition. Indeed
	x,y,z (−1)
|z||x|[β2(x), [β(y), α(z)]α,β ]α,β = 	x,y,z (−1)
|z||x|[β2(x), [αβ(y), βα(z)]]α,β
= 	x,y,z (−1)
|z||x|[αβ2(x), [αβ2(y), αβ2(z)]]
= αβ2 	x,y,z (−1)
|z||x|[x, [y, z]]
= 0.
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Example 2.3. [1] We consider in the sequel the matrix realization of this Lie superalgebra.
Let osp(1, 2) = g0 ⊕ g1 be the Lie superalgebra where g0 is spanned by
H =

 1 0 00 0 0
0 0 −1

 , X =

 0 0 10 0 0
0 0 0

 , Y =

 0 0 00 0 0
1 0 0

 ,
and g1 is spanned by
F =

 0 0 01 0 0
0 1 0

 , G =

 0 1 00 0 −1
0 0 0

 .
The defining relations (we give only the ones with non-zero values in the right-hand side) are
[H,X] = 2X, [H,Y ] = −2Y, [X,Y ] = H,
[Y,G] = F, [X,F ] = G, [H,F ] = −F, [H,G] = G,
[G,F ] = H, [G,G] = −2X, [F,F ] = 2Y.
Let λ, µ ∈ R∗, we consider the linear maps αλ : osp(1, 2) −→ osp(1, 2) and βµ : osp(1, 2) −→
osp(1, 2) defined by
αλ(X) = λ
2X, αλ(Y ) =
1
λ2
Y, αλ(H) = H, αλ(F ) =
1
λ
F, αλ(G) = λG,
βµ(X) = µ
2X, βµ(Y ) =
1
µ2
Y, βµ(H) = H, βµ(F ) =
1
µ
F, βµ(G) = µG.
Obviously, we have αλ ◦ βµ = βµ ◦ αλ. For all H,X, Y, F and G in osp(1, 2), we have
αλ([H,X]) = αλ(2X) = 2λ
2X, αλ([H,Y ]) = αλ(−2Y ) = −2
1
λ2
Y,
αλ([X,Y ]) = αλ(H) = H, αλ([Y,G]) = αλ(F ) =
1
λ
F,
αλ([X,F ]) = αλ(G) = λG, αλ([H,F ]) = αλ(−F ) = −
1
λ
F,
αλ([H,G]) = αλ(G) = λG, αλ([G,F ]) = αλ(H) = H,
αλ([G,G]) = αλ(−2X) = −2λ
2X, αλ([F,F ]) = αλ(2Y ) = 2
1
λ2
Y.
On the other hand, we have
[αλ(H), αλ(X)] = [H,λ
2X] = 2λ2X, [αλ(H), αλ(Y )] = [H,
1
λ2
Y ] = −2
1
λ2
Y,
[αλ(X), αλ(Y )] = [λ
2X,
1
λ2
Y ] = H, [αλ(Y ), αλ(G)] = [
1
λ2
Y, λG] =
1
λ
F,
[αλ(X), αλ(F )] = [λ
2X,
1
λ
F ] = λG, [αλ(H), αλ(F )] = [H,
1
λ
F ] = −
1
λ
F,
[αλ(H), αλ(G)] = [H,λG] = λG, [αλ(G), αλ(F )] = [λG,
1
λ
F ] = H,
[αλ(G), αλ(G)] = [λG, λG] = −2λ
2X, [αλ(F ), αλ(F )] = [
1
λ
F,
1
λ
F ] = 2
1
λ2
Y.
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Therefore, for a, a
′
∈ osp(1, 2), we have
αλ([a, a
′
]) = [αλ(a), αλ(a
′
)].
Similarly, we have
βµ([a, a
′
]) = [βµ(a), βµ(a
′
)].
Applying Theorem 2.2 we obtain a family of Bihom-Lie superalgebras
osp(1, 2)αλ ,βµ =
(
osp(1, 2), [., .]αλ ,βµ = [·, ·] ◦ (αλ ⊗ βµ), αλ, βµ
)
where the Bihom-Lie superal-
gebra bracket [., .]αλ ,βµ on the basis elements is given, for λ, µ 6= 0, by
[H,X]αλ ,βµ = 2µ
2X, [H,Y ]αλ,βµ =
−2
µ2
Y, [X,Y ]αλ,βµ = (
λ
µ
)2H,
[Y,G]αλ ,βµ =
µ
λ2
F, [X,F ]αλ,βµ =
λ2
µ
G, [H,F ]αλ,βµ = −
1
µ
F,
[G,F ]αλ ,βµ =
λ
µ
H, [G,G]αλ ,βµ = −2λµX, [F,F ]αλ,βµ = 2
λ
µ
Y,
[H,G]αλ ,βµ = µG.
Definition 2.4. [4] A 3-Bihom Lie superalgebra over a field K is a quadruple (g, [., ., .], α, β),
where consisting of a Z2-graded vector space g = g0 ⊕ g1, an even trilinear map [., ., .] :
g⊗g⊗g −→ g and two even endomorphisms α, β : g −→ g satisfying the following conditions,
∀x, y, z, u, v ∈ g
1. α ◦ β = β ◦ α,
2. α([x, y, z]) = [α(x), α(y), α(z)] and β([x, y, z]) = [β(x), β(y), β(z)],
3. [β(x), β(y), α(z)] = −(−1)|x||y|[β(y), β(x), α(z)] = −(−1)|y||z|[β(x), β(z), α(y)], (3−Bihom-
super-skewsymmetry).
4.
[β2(x), β2(y), [β(z), β(u), α(v)]] = (−1)(|u|+|v|)(|x|+|y|+|z|)[β2(u), β2(v), [β(x), β(y), α(z)]]
−(−1)(|z|+|v|)(|x|+|y|)+|u||v|[β2(z), β2(v), [β(x), β(y), α(u)]]
+(−1)(|z|+|u|)(|x|+|y|)[β2(z), β2(u), [β(x), β(y), α(v)]],
(3−Bihom-super-Jacobi identity).
Remarks 2.5. 1. The 3−Bihom-super-Jacobi identity is equivalent to
[β2(x), β2(y), [β(z), β(u), α(v)]] = (−1)|z||v| 	u,v,z (−1)
γ [β2(u), β2(v), [β(x), β(y), α(z)]],
where γ = (|u|+ |v|)(|x| + |y|) + |z||u|
2. A 3−Lie superalgebra (g, [., ., .]) is a 3−BiHom-Lie superalgebra with α = β = Id,
since the 3−BiHom-super-Jacobi condition reduces to the 3-super-Jacobi condition when
α = β = Id.
Definitions 2.6. 1. A 3-Bihom Lie superalgebra (g, [., ., .], α, β) is regular if α and β are
an algebra automorphisms.
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2. A sub-vector space η ⊂ g is a 3−Bihom subalgebra of (g, [., ., .], α, β) if α(η) ⊂ η,
β(η) ⊂ η and [η, η, η] ⊆ η, (i.e. [x, y, z] ∈ η, ∀x, y, z ∈ η).
3. A sub-vector space η ⊂ g is a Bihom ideal of (g, [., ., .], α, β) if α(η) ⊂ η, β(η) ⊂ η
and [η, g, g] ⊆ η, (i.e. [x, y, z] ∈ η, ∀x ∈ η; y, z ∈ g).
Definitions 2.7. 1. The center of (g, [., ., .], α, β) is the set of x ∈ g such that [x, y1, y2] = 0
for any y1, y2 ∈ g. The center is an ideal of g which we will denote by Z(g).
2. The (α, β)-center of (g, [., ., .], α, β) is the set
Z(α, β) = {x ∈ g, [x, αβ(y1), αβ(y2)] = 0, for any y1, y2 ∈ g}
Proposition 2.8. Let (g, [., ., .]) be a 3-Lie superalgebra and α, β : g −→ g be two algebra
homomorphisms such that α◦β = β◦α, then (g, [., ., .]α,β , α, β) is a 3-Bihom-Lie superalgebra,
where [x, y, z]α,β = [α(x), α(y), β(z)]].
Proof. It is easy to see that, ∀x, y, z ∈ g we have
α([x, y, z]α,β) = [α(x), α(y), α(z)]α,β ,
β([x, y, z]α,β) = [β(x), β(y), β(z)]α,β ,
and
[β(x), β(y), α(z)]α,β = −(−1)
|x||y|[β(y), β(x), α(z)]α,β ,
[β(x), β(y), α(z)]α,β = −(−1)
|y||z|[β(x), β(z), α(y)]α,β .
Now, we prove the 3−Bihom-super-Jacobi identity. Let x, y, z, u, v ∈ g,
[β2(x), β2(y), [β(z), β(u), α(v)]α,β ]α,β = [β
2(x), β2(y), [αβ(z), αβ(u), αβ(v)]]α,β
= [αβ2(x), αβ2(y), [αβ2(z), αβ2(u), αβ2(v)]]
= αβ2([x, y, [z, u, v]])
= αβ2(−1)|z||v| 	u,v,z (−1)
γ [u, v, [x, y, z]]
= (−1)|z||v| 	u,v,z (−1)
γ [β2(u), β2(v), [β(x), β(y), α(z)]α,β ]α,β,
where γ = (|u|+ |v|)(|x| + |y|) + |z||u|.
Then the 3−Bihom-super-Jacobi identity it satisfies.
Proposition 2.9. Let (g, [., ., .], α, β) be a 3-Bihom-Lie superalgebra, α′, β′ : g −→ g be two
even commuting algebra homomorphisms and any two of the maps α, β, α′, β′ commute. Then
(g, [., ., .]α′ ,β′ := [., ., .] ◦ (α
′ ⊗ α′ ⊗ β′), α ◦ α′, β ◦ β′) is a 3-Bihom-Lie superalgebra.
Proof. First we prove the 3-Bihom-super-skewsymmetry. For any x, y, z ∈ g, we have
[β ◦ β′(x), β ◦ β′(y), α ◦ α′(z)]α′,β′ = [α
′ ◦ β ◦ β′(x), α′ ◦ β ◦ β′(y), β′ ◦ α ◦ α′(z)]
= α′ ◦ β′([β(x), β(y), α(z)])
= −(−1)|x||y|α′ ◦ β′([β(y), β(x), α(z)])
= −(−1)|x||y|[α′ ◦ β′ ◦ β(y), α′ ◦ β′ ◦ β(x), α′ ◦ β′ ◦ α(z)]
= −(−1)|x||y|[β ◦ β′(y), β ◦ β′(x), α ◦ α′(z)]α′,β′
In the same way, [β◦β′(x), β◦β′(y), α◦α′(z)]α′,β′ = −(−1)
|y||z|[β◦β′(x), β◦β′(z), α◦α′(y)]α′,β′ .
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Now we prove the 3-Bihom-super-Jacobi identity. For any x, y, z, u, v ∈ g, we have
[(β ◦ β′)2(u), (β ◦ β′)2(v), [(β ◦ β′)(x), β ◦ β′(y), (α ◦ α′)(z)]α′,β′ ]α′,β′
= [(β ◦ β′)2(u), (β ◦ β′)2(v), α′ ◦ β′([β(x), β(y), α(z)]]α′ ,β′
= [α′ ◦ (β ◦ β′)2(u), α′ ◦ (β ◦ β′)2(v), α′ ◦ (β′)2([β(x), β(y), α(z)])]
= α′ ◦ (β′)2([β2(u), β2(v), [β(x), β(y), α(z)]])
= (−1)|x||z| 	y,z,x (−1)
γα′ ◦ (β′)2[β2(y), β2(z), [β(u), β(v), α(x)]]
= (−1)|x||z| 	y,z,x (−1)
γ [(β ◦ β′)2(y), (β ◦ β′)2(z), [β ◦ β′(u), β ◦ β′(v), α ◦ α′(x)]α′,β′ ]α′,β′
Thus (g, [., ., .]α′ ,β′ := [., ., .] ◦ (α
′ ⊗ α′ ⊗ β′), α ◦ α′, β ◦ β′) is a 3-Bihom-Lie superalgebra.
Corollary 2.10. Let (g, [., ., .], α, β) a 3-Bihom-Lie superalgebra. Then (g, [., ., .]k := [., ., .] ◦
(αk ⊗ αk ⊗ βk), αk+1, βk+1) is a 3-Bihom-Lie superalgebra.
Proof. Apply Proposition 2.9 with α′ = αk and β′ = βk.
Definition 2.11. A 3-Totally Bihom-associative superalgebra is a quadruple (A, µ, α, β), con-
sisting of a linear space A, an even trilinear map µ : A ⊗ A ⊗ A and two even linear maps
α, β : A −→ A satisfying the following conditions, ∀a1, a2, a3, a4, a5 ∈ A,
1. α ◦ β = β ◦ α,
2. α(µ(a1, a2, a3)) = µ(α(a1), α(a2), α(a3)) and β(µ(a1, a2, a3)) = µ(β(a1), β(a2), β(a3))
3. 3-Total Bihom-associativity: ∀i, j : 1 ≤ i, j ≤ 3
µ(α(a1), · · · , α(ai−1), µ(ai, · · · , a2+i), β(a3+i), · · · , β(a5))
= µ(α(a1), · · · , α(aj−1), µ(aj , · · · , a2+j), β(a3+j), · · · , β(a5))
(2.1)
Remark 2.12. The equation(2.1) is equivalent to
µ(µ(a1, a2, a3), β(a4), β(a5)) = µ(α(a1), µ(a2, a3, a4), β(a5)) = µ(α(a1), α(a2), µ(a3, a4, a5))
Definition 2.13. A 3-Partially Bihom-associative superalgebra is a quadruple (A, µ, α, β),
consisting of a linear space A, an even trilinear map µ : A⊗A⊗A and two even linear maps
α, β : A −→ A satisfying the following conditions, ∀a1, a2, a3, a4, a5 ∈ A,
1. α ◦ β = β ◦ α,
2. α(µ(a1, a2, a3)) = µ(α(a1), α(a2), α(a3)) and α(µ(a1, a2, a3)) = µ(α(a1), α(a2), α(a3))
3. 3-Partial Bihom-associativity: ∀i, j : 1 ≤ i, j ≤ 3
3∑
i=1
µ(α(a1), · · · , α(ai−1), µ(ai, · · · , a2+i), β(a3+i), · · · , β(a5)) = 0 (2.2)
Proposition 2.14. Let (A, µ, α1, β1) be a 3-totally Bihom-associative superalgebra and (g, [., ., .], α2, β2)
a 3-Bihom-Lie superalgebra. If α1 is surjective and ∀a1, a2, a3 ∈ A,
µ(β1(a1), β1(a2), α1(a3)) = µ(β1(a2), β1(a1), α1(a3)) = µ(β1(a1), β1(a3), α1(a2)). (2.3)
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Then (A⊗g, [., ., .]A⊗g, α, β) is a 3-Bihom-Lie superalgebra, where the trilinear map [., ., .]A⊗g :
∧3(A⊗ g) −→ A⊗ g are given by
[a1 ⊗ x1, a2 ⊗ x2, a3 ⊗ x3]A⊗g = µ(a1, a2, a3)⊗ [x1, x2, x3], ∀ai ∈ A, xi ∈ g, i = 1, 2, 3,
and the two linear maps α, β : A ⊗ g −→ A ⊗ g are given by α(a1 ⊗ x1) = α1(a1) ⊗ α2(x1)
and β(a1 ⊗ x1) = β1(a1)⊗ β2(x1).
Proof. Since α1 ◦ β1 = β1 ◦ α1 and α2 ◦ β2 = β2 ◦ α2, we have α ◦ β = β ◦ α.
First we prove [., ., .]A⊗g satisfies Bihom-super-skewsymmetry. For ai ∈ A, xi ∈ g, i =
1, 2, 3, we have
[β(a1 ⊗ x1), β(a2 ⊗ x2), α(a3 ⊗ x3)]A⊗g
= [β1(a1)⊗ β2(x1), β1(a2)⊗ β2(x2), α1(a3)⊗ α2(x3)]A⊗g
= µ(β1(a1), β1(a2), α1(a3))[β2(x1), β2(x2), α2(x3)]
= −(−1)|x1||x2|µ(β1(a2), β1(a1), α1(a3))[β2(x2), β2(x1), α2(x3)]
= −(−1)|x1||x2|[β(a2 ⊗ x2), β(a1 ⊗ x1), α(a3 ⊗ x3)]A⊗g
In the same way,
[β(a1 ⊗ x1), β(a2 ⊗ x2), α(a3 ⊗ x3)]A⊗g = −(−1)
|x2||x3|[β(a1 ⊗ x1), β(a3 ⊗ x3), α(a2 ⊗ x2)]A⊗g
Now, we prove the 3−Bihom-super-Jacobi identity. Let ai ∈ A, xi ∈ g, i = 1, 2, 3,
(−1)(|x4|+|x5|)(|x1|+|x2|+|x3|)×
[β2(a4 ⊗ x4), β
2(a5 ⊗ x5), [β(a1 ⊗ x1), β(a2 ⊗ x2), α(a3 ⊗ x3)]A⊗g]A⊗g
−(−1)(|x3|+|x5|)(|x1|+|x2|)+|x4||x5|×
[β2(a3 ⊗ x3), β
2(a5 ⊗ x5), [β(a1 ⊗ x1), β(a2 ⊗ x2), α(a4 ⊗ x4)]A⊗g]A⊗g
+(−1)(|x3|+|x4|)(|x1|+|x2|)×
[β2(a3 ⊗ x3), β
2(a4 ⊗ x4), [β(a1 ⊗ x1), β(a2 ⊗ x2), α(a5 ⊗ x5)]A⊗L]A⊗g
= (−1)(|x4|+|x5|)(|x1|+|x2|+|x3|)×
µ(β21(a4), β
2
1 (a5), µ
(
β1(a1), β1(a2), α1(a3)
))
⊗ [β22(x4), β
2
2(x5), [β2(x1), β2(x2), α2(x3)]]
−(−1)(|x3|+|x5|)(|x1|+|x2|)+|x4||x5|×
µ
(
β21(a3), β
2
1(a5), µ
(
β1(a1), β1(a2), α1(a4)
))
⊗ [β22(x3), β
2
2(x5), [β2(x1), β2(x2), α2(x4)]]
+(−1)(|x3|+|x4|)(|x1|+|x2|)×
µ
(
β21(a3), β
2
1(a4), µ
(
β1(a1)β1(a2)α1(a5)
)
⊗ [β22(x3)), β
2
2 (x4), [β2(x1), β2(x2), α2(x5)]]
= µ
(
β21(a1), β
2
1(a2), µ
(
β1(a3), β1(a4), α1(a5)
))
⊗(
(−1)(|x4|+|x5|)(|x1|+|x2|+|x3|)[β22(x4), β
2
2 (x5), [β2(x1), β2(x2), α2(x3)]]
−(−1)(|x3|+|x5|)(|x1|+|x2|)+|x4||x5|[β22(x3), β
2
2(x5), [β2(x1), β2(x2), α2(x4)]]
(−1)(|x3|+|x4|)(|x1|+|x2|)[β22(x3), β
2
2(x4), [β2(x1), β2(x2), α2(x5)]]
)
= µ
(
β21(a1), β
2
1(a2), µ
(
β1(a3)β1(a4)α1(a5)
))
⊗ [β22(x1), β
2
2 (x2), [β2(x3), β2(x4)
)
, α2(x5)]]
= [β2(a1 ⊗ x1), β
2(a2 ⊗ x2), [β(a3 ⊗ x3), β(a4 ⊗ x4), α(a5 ⊗ x5)]A⊗g]A⊗g,
where using equation (2.3) in the second equality.
Thus (A⊗ g, [., ., .]A⊗g, α, β) is a 3-Bihom-Lie superalgebra.
Proposition 2.15. Given two 3-Bihom-Lie superalgebras (g, [., ., .], α, β) and (g′, [., ., .]′, α′, β′).
Then (g ⊕ g′, [., ., .]g⊕g′ , α + α
′, β + β′), is a 3-Bihom-Lie superalgebras, where the 3−linear
map [., ., .]g⊕g′ : ∧
3(g⊕ g′) −→ g⊕ g′ is given by
[u1 + v1, u2 + v2, u3 + v3]g⊕g′ = [u1, u2, u3] + [v1, v2, v3]
′, ∀ui ∈ g, vi ∈ g
′, i = 1, 2, 3,
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and the two linear maps α+ α′, β + β′ : g⊕ g′ −→ g⊕ g′, are given by ∀u ∈ g, v ∈ g′
(α+ α′)(u+ v) = α(u) + α′(v),
(β + β′)(u+ v) = β(u) + β′(v).
Proof. For any ui ∈ gθi , vi ∈ g
′
θi
, i = 1, 2, 3, 4, 5 we have:
(α+ α′) ◦ (β + β′)(u1 + v1) = (α+ α
′)(β(u1) + β
′(v1))
= α ◦ β(u1) + α
′ ◦ β′(v1)
= β ◦ α(u1) + β
′ ◦ α′(v1)
= (β + β′)(α(u1) + α
′(v1))
= (β + β′) ◦ (α+ α′)(u1 + v1)
.
Next, we consider the 3-Bihom-super-skewsymmetry,
[(β + β′)(u1 + v1), (β + β
′)(u2 + v2), (α + α
′)(u3 + v3)]g⊕g′
= [β(u1) + β
′(v1), β(u2) + β
′(v2), α(u3) + α
′(v3)]g⊕g′
= [β(u1), β(u2), α(u3)] + [β
′(v1), β
′(v2), α
′(v3)]
′
= −(−1)θ1θ2 [β(u2), β(u1), α(u3)]− (−1)
θ1θ2 [β′(v2), β
′(v1), α
′(v3)]
′
= −(−1)θ1θ2 [(β + β′)(u2 + v2), (β + β
′)(u1 + v1), (α + α
′)(u3 + v3)]g⊕g′
= −(−1)θ1θ2 [(β + β′)(u2 + v2), (β + β
′)(u1 + v1), (α + α
′)(u3 + v3)]g⊕g′ .
Similarly, we can get
[(β + β′)(u1 + v1), (β + β
′)(u2 + v2), (α + α
′)(u3 + v3)]g⊕g′
= −(−1)θ2θ3 [(β + β′)(u1 + v1), (β + β
′)(u3 + v3), (α + α
′)(u2 + v2)]g⊕g′ .
We prove the 3-Bihom-super-Jacobi identity,
[(β + β′)2(u1 + v1), (β + β
′)2(u2 + v2), [(β + β
′)(u3 + v3), (β + β
′)(u4 + v4),
(α+ α′)(u5 + v5)]g⊕g′ ]g⊕g′
= [β2(u1) + β
2(v1, β
2(u2 + β
′2(v2p), [β(u3), β(u4, α(u5)] + [β
′(v3), β
′(v4), α
′(v5)]
′]g⊕g′
= [β2(u1), β
2(u2), [β(u3), β(u4), α(u5)]] + [β
′2(v1), β
′2(v2), [β
′(v3), β
′(v4), α
′(v4)]
′]′
= (−1)θ3θ5 	u4,u5,u3 (−1)
γ [β2(u4), β
2(u5), [β(u1), β(u2), α(u3)]]
+(−1)θ3θ5 	v4,v5,v3 (−1)
γ [β2(v4), β
2(v5), [β(v1), β(v2), α(v3)]
′]′
= (−1)θ3θ5 	(u4,v4),(u5,v5),(u3,v3) (−1)
γ [(β + β′)2(u4 + v4), (β + β
′)2(u5 + v5),
[(β + β′)(u1 + v1), (β + β
′)(u2 + v2), (α + α
′)(u3 + v3)]g⊕g′ ]g⊕g′
where γ = (θ4 + θ5)(θ1 + θ2) + θ3θ4.
Then (g⊕ g′, [., ., .]g⊕g′ , α+ α, β + β
′), is a 3-Bihom-Lie superalgebras
Definition 2.16. Let (g, [., ., .], α, β) and (g′, [., ., .]′, α′, β′) be two 3-Bihom-Lie superalgebra.
A homomorphism f : g −→ g′ is said to be morphism of 3-Bihom-Lie superalgebra if
f([x, y, z]) = [f(x), f(y), f(z)]′, ∀x, y, z ∈ g,
f ◦ α = α′ ◦ f
f ◦ β = β′ ◦ f.
Denote by φf = {x+f(x); x ∈ g} ⊂ g⊕g
′ which is the graph of a linear map f : g −→ g′.
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Proposition 2.17. A homomorphism f : (g, [., ., .], α, β) −→ (g′, [., ., .]′, α′, β′) is a morphism
of 3-Bihom-Lie superalgebras if and only if the graph g⊕ g′ is a 3-Bihom-subalgebra of (g⊕
g′, [., ., .]g⊕g′ , α+ α
′, β + β′).
Proof. Let f : (g, [., ., .], α, β) −→ (g′, [., ., .]′, α′, β′) is a morphism of 3-Bihom-Lie superalge-
bras, for any x, y, z ∈ g, we have
[x+ f(x), y + f(y), z + f(z)]g⊕g′ = [x, y, z] + [f(x), f(y), f(z)]
′ = [x, y, z] + f([x, y, z]).
Thus the graph φf is closed under the bracket operation [., ., .]g⊕g′ . Furthermore, we have
(α+ α′)(x+ f(x)) = α(x) + α′ ◦ f(x) = α(x) + f ◦ α(x),
which implies that
(α+ α′)(φf ) ⊂ φf .
Similarly,
(β + β′)(φf ) ⊂ φf .
Thus φf is a 3-Bihom-Lie subalgebras of (g⊕ g
′, [., ., .]g⊕g′ , α+ α
′, β + β′).
Conversely, if the graph φf is a 3-Bihom-Lie subalgebras of (g⊕g
′, [., ., .]g⊕g′ , α+α
′, β+β′),
we have
[x+ f(x), y + f(y), z + f(z)]g⊕g′ = [x, y, z] + [f(x), f(y), f(z)]
′ ∈ φf
which implies that
[f(x), f(y), f(z)]′ = f([x, y, z]).
Furthermore, (α+ α′)(φf ) ⊂ φf yields that
(α+ α′)(x+ f(x)) = α(x) + α′ ◦ f(x) ∈ φf ,
which is equivalent to the condition α′ ◦ f(x) = f ◦ α(x), i.e, α′ ◦ f = f ◦ α. Similarly,
β′ ◦ f = f ◦ β. Therefore, f is a morphism of 3-Bihom-Lie superalgebras.
Definitions 2.18. 1. A 3-Bihom-Lie superalgebra (g, [., ., .], α, β) is says regular 3-Bihom-
Lie superalgebra, if α−sβ−r is the inverse of αsβr.
2. Let (g, [., ., .], α, β) be a 3−Bihom-Lie superalgebra. A linear map D : g −→ g is called a
derivation if it satisfies for all x, y, z ∈ g,
D ◦ α = α ◦D, D ◦ β = β ◦D,
D([x, y, z]) = [D(x), y, z] + (−1)|x||D|[x,D(y), z] + (−1)(|x|+|y|)|D|[x, y,D(z)],
and it is called an (αsβr)-derivation of (g, [., ., .], α, β), if satisfies:
D ◦ α = α ◦D, D ◦ β = β ◦D,
D([x, y, z]) = [D(x), αsβr(y), αsβr(z)] + (−1)|x||D|[αsβr(x),D(y), αsβr(z)]
+ (−1)(|x|+|y|)|D|[αsβr(x), αsβr(y),D(z)].
denote by Derαsβr(g) the set of α
sβr-derivations of (g, [., ., .], α, β) and set
Der(g) :=
⊕
s,r≥0
Derαsβr(g).
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We show that Der(g) is equipped with a Lie superalgebra structure defined by [D,D′] =
DD′ − (−1)|D||D
′|D′D. Note that for any D ∈ Derαsβr(g) and D
′ ∈ Derαs′βr′ (g
′), we have
[D,D′] ∈ Der(αs+s′βr+r′)(g)
Now let (g, [., ., .], α, β) be a regular 3−Bihom-Lie superalgebra, for any u1, u2 ∈ g satisfy-
ing α(u1) = β(u1) = u1, α(u2) = β(u2) = u2, define Ds,r(u1, u2) ∈ End(g) by
Dr,s(u1, u2)(w) = [u1, u2, α
rβs(w)], ∀w ∈ g,
where |Dr,s(u1, u2)| = |u1|+ |u2|.
Proposition 2.19. Let (g, [., ., .], α, β) be a regular 3−Bihom-Lie superalgebra. Then Dr,s(u1, u2)
is an αrβs+1-derivation. We call an inner αrβs+1-derivation.
Proof. For any w ∈ g,
Dr,s(u1, u2)(α(w)) = [u1, u2, α
rβsα(w)]
= [α(u1), α(u2), α
rβsα(w)]
= α([u1, u2, α
rβs(w)]
= α ◦Dr,s(u1, u2)(w).
Similarly, Dr,s(u1, u2)(β(w)) = β ◦Dr,s(u1, u2)(w).
Dr,s(u1, u2)([u, v, w])
= [u1, u2, α
rβs[u, v, w]]
= [β2(u1), β
2(u2), [βα
rβs−1(u), βαrβs−1(v), ααr−1βs(w)]]
= (−1)(|v|+|w|)(|u1|+|u2|+|u|)[β2αrβs−1(v), β2αr−1βs(w), [β(u1), β(u2), αα
rβs−1(u)]]
−(−1)(|u|+|w|)(|u1|+|u2|)+|v||w|[β2αrβs−1(u), β2αr−1βs(w), [β(u1), β(u2), αα
rβs−1(v)]]
+(−1)(|u|+|v|)(|u1|+|u2|)[β2αrβs−1(u), β2αrβs−1(v), [β(u1), β(u2), αα
r−1βs(w)]]
= (−1)(|v|+|w|)(|u1|+|u2|+|u|)[β2αrβs−1(v), β2αr−1βs(w), [α(u1), α(u2), αα
rβs−1(u)]]
−(−1)(|u|+|w|)(|u1|+|u2|)+|v||w|[β2αrβs−1(u), β2αr−1βs(w), [α(u1), α(u2), αα
rβs−1(v)]]
+(−1)(|u|+|v|)(|u1|+|u2|)[β2αrβs−1(u), β2αrβs−1(v), [α(u1), α(u2), αα
r−1βs(w)]]
= (−1)(|v|+|w|)(|u1|+|u2|+|u|)[βαrβs(v), βαr−1βs+1(w), α([u1, u2, α
rβs−1(u)])]
−(−1)(|u|+|w|)(|u1|+|u2|)+|v||w|[βαrβs(u), βαr−1βs+1(w), α([u1, u2, α
rβs−1(v)])]
+(−1)(|u|+|v|)(|u1|+|u2|)[βαrβs(u), βαrβs(v), α([u1, u2, α
r−1βs(w)])]
= (−1)(|v|+|w|)(|u1|+|u2|+|u|)(−1)(|u1|+|u2|)(|v|+|w|+|u|)[β([u1, u2, α
rβs−1(u)]), βαrβs(v), ααr−1βs+1(w)]
−(−1)(|u|+|w|)(|u1|+|u2|)+|v||w|(−1)(|u1|+|u2|+|v|)|w|[βαrβs(u), β([u1, u2, α
rβs−1(v)]), ααr−1βs+1(w)]
+(−1)(|u|+|v|)(|u1|+|u2|)[βαrβs(u), βαrβs(v), α([u1, u2, α
r−1βs(w)])]
= [Dr,s(u1, u2)(u), α
rβs+1(v), ααr−1βs+1(w)]
−(−1)|u|(|u1|+|u2|)[βαrβs(u),Dr,s(u1, u2)(v)), αα
r−1βs+1(w)]
+(−1)(|u|+|v|)(|u1|+|u2|)[αrβs+1(u), αrβs+1(v),Dr,s(u1, u2)(w)]
= [Dr,s(u1, u2)(u), α
rβs+1(v), αrβs+1(w)]
−(−1)|u||Dr,s(u1,u2)|[αrβs+1(u),Dr,s(u1, u2)(v)), α
rβs+1(w)]
+(−1)(|u|+|v|)|Dr,s(u1,u2)|[αrβs+1(u), αrβs+1(v),Dr,s(u1, u2)(w)].
Therefore, Dr,s(u1, u2) is an α
rβs+1-derivation.
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3 REPRESENTATIONS AND Tθ-EXTENSIONS OF 3-BIHOM-
LIE SUPERALGEBRAS
Definition 3.1. Let (g, [., ., .], α, β) be a 3-Bihom-Lie superalgebra. A representation of g is
a 4−tuple (M,ρ, αM , βM ), where M is a vector superspace, αM , βM ∈ End(M) are two
commuting linear maps and ρ : g × g −→ End(M) is a super-skewsymmetry bilinear map,
such that for all u, v, w, x, y, z ∈ g,
1. ρ(α(u), α(v)) ◦ αM = αM ◦ ρ(u, v),
2. ρ(β(u), β(v)) ◦ βM = βM ◦ ρ(u, v).
3. ρ(αβ(u), αβ(v)) ◦ ρ(x, y) = (−1)(|u|+|v|)(|x|+|y|)ρ(β(x), β(y)) ◦ ρ(α(u), α(v))
+ρ([β(u), β(v), x], β(y)) ◦ βM + (−1)
|x|(|u|+|v|)ρ(β(x), [β(u), β(v), y]) ◦ βM ,
4. ρ([β(u), β(v), x], β(y)) ◦ βM = (−1)
|u|(|x|+|v|)ρ(αβ(v), β(x)) ◦ ρ(α(u), y)
+(−1)|x|(|u|+|v|)ρ(β(x), αβ(u)) ◦ ρ(α(v), y) + ρ((αβ(u), αβ(v)) ◦ ρ(x, y).
Proposition 3.2. Let (g, [., ., .], α, β) be a 3-Bihom-Lie superalgebra and (M,ρ, αM , βM ) a
representation of g. Assume that the maps α and βM are surjective. Then g ⋉M := (g ⊕
M, [., ., .]ρ, α+αM , β+βM ) is a 3−Bihom-Lie superalgebra, where α+αM , β+βM : g⊕M −→
g⊕M are defined by (α+αM )(u+x) = α(u) +αM (x) and (β+βM )(u+x) = β(u) +βM (x),
and the bracket [., ., .]ρ is defined by
[u+ x, v + y,w + z]ρ = [u, v, w] + ρ(u, v)(z) − (−1)
|v||w|ρ(u, α−1β(w))(αMβ
−1
M (y))
+ (−1)|u|(|v|+|w|)ρ(v, α−1β(w))(αMβ
−1
M (x)),
for all u, v, w ∈ g and x, y, z ∈M . We call g⋉M the semidirect product of the 3-Bihom-Lie
superalgebra (g, [., ., .], α, β) and M .
Proof. First we show (α+αM )◦(β+βM ) from the fact α◦β = β◦α, and αM ◦βM = βM ◦αM .
∀u, v, w ∈ g, x, y, z ∈M
[(α+ αM )(u+ x), (α + αM )(v + y), (α+ αM )(w + z)]ρ
= [α(u) + αM (x), α(v) + αM (y), α(w) + αM (z)]ρ
= [α(u), α(v), α(w)] + ρ(α(u), α(v))(αM (z))
−(−1)|v||w|ρ(α(u), α−1βα(w))(αMβ
−1
M αM (y))
+(−1)|u|(|v|+|w|)ρ(α(v), α−1βα(w))(αMβ
−1
M αM (x))
= α([u, v, w]) + αMρ(u, v)(z) − (−1)
|v||w|αMρ(u, α
−1β(w))(αMβ
−1
M (y))
+(−1)|u|(|v|+|w|)αMρ(v, α
−1β(w))(αMβ
−1
M (x))
= (α+ αM )([u, v, w] + ρ(u, v)(z) − (−1)
|v||w|ρ(u, α−1β(w))(αMβ
−1
M (y))
+(−1)|u|(|v|+|w|)ρ(v, α−1β(w))(αMβ
−1
M (x)))
= (α+ αM )([u+ x, v + y,w + z]ρ).
Similarly,
[(β + βM )(u+ x), (β + βM )(v + y), (β + βM )(w + z)]ρ
= (β + βM )([u + x, v + y,w + z]ρ).
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Next we show that [., ., .]ρ satisfies 3-Bihom-super-skewsymmetry. Let ∀u, v, w ∈ g, x, y, z ∈
M ,
[(β + βM )(u+ x), (β + βM )(v + y), (α + αM )(w + z)]ρ
= [β(u) + βM (x), β(v) + βM (y), α(w) + αM (z)]ρ
= [β(u), β(v), α(w)] + ρ(β(u), β(v))(αM (z))
− (−1)|v||w|ρ(β(u), α−1βα(w))(αMβ
−1
M βM (y))
+(−1)|u|(|v|+|w|)ρ(β(v), α−1βα(w))(αMβ
−1
M βM (x))
= −(−1)|u||v|[β(v), β(u), α(w)] − (−1)|u||v|ρ(β(v), β(u))(αM (z))
+(−1)|u|(|v|+|w|)ρ(β(v), α−1βα(w))(αMβ
−1
M βM (x))
−(−1)|v||w|ρ(β(u), α−1βα(w))(αMβ
−1
M βM (y))
= −(−1)|u||v|([β(v), β(u), α(w)] + ρ(β(v), β(u))(αM (z))
−(−1)|u||w|ρ(β(v), α−1βα(w))(αMβ
−1
M βM (x))
+(−1)|v|(|u|+|w|)ρ(β(u), α−1βα(w))(αMβ
−1
M βM (y)))
= −(−1)|u||v|[(β + βM )(v + y), (β + βM )(u+ x), (α + αM )(w + z)]ρ
Similarly,
[(β + βM )(u+ x), (β + βM )(v + y), (α + αM )(w + z)]ρ
= −(−1)|v||w|[(β + βM )(u+ x), (β + βM )(w + z), (α + αM )(v + y)]ρ
Finally, we show that [., ., .]ρ satisfies 3-Bihom-super-Jacobi. Let ∀ui ∈ g, xi ∈ M, i =
1, 2, 3, 4, 5,
[(β + βM )
2(u1 + x1), (β + βM )
2(u2 + x2), [(β + βM )(u3 + x3),
(β + βM )(u4 + x4), (α + αM )(u5 + x5)]ρ]ρ
= [β2(u1) + β
2
M (x1), β
2(u2) + β
2
M (x2), [β(u3) + βM (x3), β(u4) + βM (x4), α(u5) + αM (x5)]ρ]ρ
= [β2(u1) + β
2
M (x1), β
2(u2) + β
2
M (x2), [β(u3), β(u4), α(u5)] + ρ(β(u3), β(u4))(αM (x5))
−(−1)|u4||u5|ρ(β(u3), β(u5))(αM (x4)) + (−1)
|u3|(|u4|+|u5|)ρ(β(u4), β(u5))(αM (x3))]ρ
= [β2(u1), β
2(u2), [β(u3), β(u4), α(u5)]] + ρ(β
2(u1), β
2(u2))(ρ(β(u3), β(u4))(αM (x5))
−(−1)|u4||u5|ρ(β(u3), β(u5))(αM (x4)) + (−1)
|u3|(|u4|+|u5|)ρ(β(u4), β(u5))(αM (x3)))
−(−1)|u2|(|u3|+|u4|+|u5|)ρ(β2(u1), α
−1β([β(u3), β(u4), α(u5)]))(αMβM (x2))
+(−1)|u1|(|u2|+|u3|+|u4|+|u5|)ρ(β2(u2), α
−1β([β(u3), β(u4), α(u5)]))(αMβM (x1))
= (−1)(|u4|+|u5|)(|u1|+|u2|+|u3|)[β2(u4), β
2(u5), [β(u1), β(u2), α(u3)]]
−(−1)(|u3|+|u5|)(|u1|+|u2|)+|u4||u5|)[β2(u3), β
2(u5), [β(u1), β(u2), α(u4)]]
+(−1)(|u3|+|u4|)(|u1|+|u2|)[β2(u3), β
2(u4), [β(u1), β(u2), α(u5)]]
+(−1)(|u1|+|u2|)(|u3|+|u4|)ρ(β2(u3), β
2(u4))ρ(β(u1), β(u2))(αM (x5))
+ρ(α−1β([β(u1), β(u2), α(u3)]), β
2(u4))(αM )βM )(x5))
+(−1)(|u3|)(|u1|+|u2|)ρ(β2(u3), α
−1β([β(u1), β(u2), α(u4)]))(αMβM (x5))
−(−1)(|u1|+|u2|)(|u3|+|u5|)+|u4||u5|ρ(β2(u3), β
2(u5))ρ(β(u1), β(u2))(αM (x4))
−(−1)|u4||u5|ρ(α−1β([β(u1), β(u2), α(u3)]), β
2(u5))(αM )βM )(x4))
−(−1)(|u3|)(|u1|+|u2|)+|u4||u5|ρ(β2(u3), α
−1β([β(u1), β(u2), α(u5)]))(αMβM (x4))
+(−1)(|u1|+|u2|)(|u3|+|u4|)+|u3|(|u4|+|u5|)ρ(β2(u4), β
2(u5))ρ(β(u1), β(u2))(αM (x3))
+(−1)|u3|(|u4|+|u5|)ρ(α−1β([β(u1), β(u2), α(u4)]), β
2(u5))(αM )βM )(x5))
+(−1)(|u3|)(|u1|+|u2|)+|u3|(|u4|+|u5|)ρ(β2(u4), α
−1β([β(u1), β(u2), α(u5)]))(αMβM (x3))
+(−1)(|u1|+|u2|)(|u3|+|u4|+|u5|)ρ(α−1β([β(u3), β(u4), α(u5)]), β
2(u1))(αMβM (x2))
−(−1)(|u1|+|u2|)(|u3|+|u4|+|u5|)+|u1||u2|ρ(α−1β([β(u3), β(u4), α(u5)]), β
2(u2))(αMβM (x1))
= (−1)(|u4|+|u5|)(|u1|+|u2|+|u3|)[β2(u4), β
2(u5), [β(u1), β(u2), α(u3)]]
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−(−1)(|u3|+|u5|)(|u1|+|u2|)+|u4||u5|)[β2(u3), β
2(u5), [β(u1), β(u2), α(u4)]]
+(−1)(|u3|+|u4|)(|u1|+|u2|)[β2(u3), β
2(u4), [β(u1), β(u2), α(u5)]]
+(−1)(|u1|+|u2|)(|u3|+|u4|)ρ(β2(u3), β
2(u4))ρ(β(u1), β(u2))(αM (x5))
+ρ(α−1β([β(u1), β(u2), α(u3)]), β
2(u4))(αM )βM )(x5))
+(−1)(|u3|)(|u1|+|u2|)ρ(β2(u3), α
−1β([β(u1), β(u2), α(u4)]))(αMβM (x5))
−(−1)(|u1|+|u2|)(|u3|+|u5|)+|u4||u5|ρ(β2(u3), β
2(u5))ρ(β(u1), β(u2))(αM (x4))
−(−1)|u4||u5|ρ(α−1β([β(u1), β(u2), α(u3)]), β
2(u5))(αM )βM )(x4))
−(−1)(|u3|)(|u1|+|u2|)+|u4||u5|ρ(β2(u3), α
−1β([β(u1), β(u2), α(u5)]))(αMβM (x4))
+(−1)(|u1|+|u2|)(|u3|+|u4|)+|u3|(|u4|+|u5|)ρ(β2(u4), β
2(u5))ρ(β(u1), β(u2))(αM (x3))
+(−1)|u3|(|u4|+|u5|)ρ(α−1β([β(u1), β(u2), α(u4)]), β
2(u5))(αM )βM )(x3))
+(−1)(|u3|)(|u1|+|u2|)+|u3|(|u4|+|u5|)ρ(β2(u4), α
−1β([β(u1), β(u2), α(u5)]))(αMβM (x3))
+(−1)(|u1|+|u2|+|u3|)(|u3|+|u4|+|u5|)+|u3|ρ(β2(u4), β
2(u5))ρ(β(u3), β(u1))(αM (x2))
+(−1)(|u1|+|u2|+|u5|)(|u3|+|u4|+|u5|)+|u5|ρ(β2(u5), β
2(u3))ρ(β(u4), β(u1))(αM (x2))
+(−1)(|u1|+|u2|)(|u3|+|u4|+|u5|)ρ(β2(u3), β
2(u4))ρ(β(u5), β(u1))(αM (x2))
−(−1)(|u1|+|u2|+|u3|)(|u3|+|u4|+|u5|)+|u3|+|u1||u2|ρ(β2(u4), β
2(u5))ρ(β(u3), β(u2))(αM (x1))
−(−1)(|u1|+|u2|)(|u4|+|u5|)+|u1||u2|ρ(β2(u5), β
2(u3))ρ(β(u4), β(u2))(αM (x1))
−(−1)(|u1|+|u2|)(|u3|+|u4|+|u5|)ρ(β2(u3), β
2(u4))ρ(β(u5), β(u2))(αM (x1))
= (−1)(|u4|+|u5|)(|u1|+|u2|+|u3|)[β2(u4), β
2(u5), [β(u1), β(u2), α(u3)]]
+ρ(β2(u4), β
2(u5))((−1)
(|u4|+|u5|)(|u1|+|u2|+|u3|)ρ(β(u1), β(u2))(αM (x3))
−(−1)(|u4|+|u5|)(|u1|+|u2|+|u3|)+|u2||u3|ρ(β(u1), β(u3))(αM (x2))
+(−1)(|u4|+|u5|+|u1|)(|u1|+|u2|+|u3|)+|u1|ρ(β(u2), β(u3))(αM (x1)))
−(−1)|u4|(|u1|+|u2|+|u3|)ρ(β2(u4), α
−1β([β(u1), β(u2), α(u3)]))(αMβM (x5))
−(−1)|u5|(|u1|+|u2|+|u3|+|u4|)ρ(β2(u5), α
−1β([β(u1), β(u2), α(u3)]))(αMβM (x4))
−(−1)(|u3|+|u5|)(|u1|+|u2|)+|u4||u5|[β2(u3), β
2(u5), [β(u1), β(u2), α(u4)]]
−ρ(β2(u3), β
2(u5))((−1)
(|u1|+|u2|)(|u3|+|u5|)+|u4||u5|(ρ(β(u1), β(u2))(αM (x4))
−(−1)(|u3|+|u5|)(|u1|+|u2|)+|u4|(|u5|+|u2|)ρ(β(u1), β(u4))(αM (x2))
+(−1)(|u3|+|u5|)(|u1|+|u2|)+|u4|(|u5|+|u1|)+|u1||u2|ρ(β(u2), β(u4))(αM (x1)))
+(−1)|u3|(|u1|+|u2|)ρ(β2(u3), α
−1β([β(u1), β(u2), α(u4)]))(αMβM (x5))
−(−1)|u5|(|u1|+|u2|+|u4|)+|u3|)+|u3||u4|ρ(β2(u5), α
−1β([β(u1), β(u2), α(u4)]))(αMβM (x3))
+(−1)(|u3|+|u4|)(|u1|+|u2|)[β2(u3), β
2(u4), [β(u1), β(u2), α(u5)]]
+ρ(β2(u3), β
2(u4))((−1)
(|u1|+|u2|)(|u3|+|u4|)ρ(β(u1), β(u2))(αM (x5))
−(−1)(|u1|+|u2|)(|u3|+|u4|)+|u2||u5|)ρ(β(u1), β(u5))(αM (x2))
+(−1)(|u1|+|u2|)(|u3|+|u4|+|u5|)+|u2||u5|ρ(β(u2), β(u5))(αM (x1))
−(−1)|u3|(|u1|+|u2|)+|u4||u5|ρ(β2(u3), α
−1β([β(u1), β(u2), α(u4)]))(αMβM (x4))
+(−1)|u4|(|u1|+|u2|)+|u3|(|u4|+|u5|ρ(β2(u4), α
−1β([β(u1), β(u2), α(u4)]))(αMβM (x3))
= (−1)(|u4|+|u5|)(|u1|+|u2|+|u3|)[(β + βM )
2(u4 + x4), (β + βM )
2(u5 + x5), [(β + βM )(u1 + x1),
(β + βM )(u2 + x2), (α + αM )(u3 + x3)]ρ]ρ
−(−1)(|u3|+|u5|)(|u1|+|u2|)+|u4||u5|[(β + βM )
2(u3 + x3), (β + βM )
2(u5 + x5), [(β + βM )(u1 + x1),
(β + βM )(u2 + x2), (α + αM )(u4 + x4)]ρ]ρ
+(−1)(|u3|+|u4|)(|u1|+|u2|)[(β + βM )
2(u3 + x3), (β + βM )
2(u4 + x4), [(β + βM )(u1 + x1),
(β + βM )(u2 + x2), (α + αM )(u5 + x5)]ρ]ρ
Then g⋉M := (g⊕M, [., ., .]ρ, α+ αM , β + βM ) is a 3−Bihom-Lie superalgebra.
Definition 3.3. Let (g, [., ., .], α, β) be a 3−Bihom-Lie superalgebra and (M,ρ, αM , βM ) be a
representation of g. If θ : g× g× g→M is a 3-linear map and satisfies
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1. αMθ(x1, x2, x3) = θ(α(x1), α(x2), α(x3)),
2. βMθ(x1, x2, x3) = θ(β(x1), β(x2), β(x3)),
3. θ(β(x1), β(x2), α(x3)) = −(−1)
|x1||x2|θ(β(x2), β(x1), α(x3)) = −(−1)
|x2||x3|θ(β(x1), β(x3), α(x2)),
4. θ(β2(x1), β
2(x2), [β(x3), β(x4), α(x5)]) + ρ(β
2(x1), β
2(x2))θ(β(x3), β(x4), α(x5))
= (−1)(|x4|+|x5|)(|x1|+|x2|+|x3|)θ(β2(x4), β
2(x5), [β(x1), β(x2), α(x3)])
+(−1)(|x4|+|x5|)(|x1|+|x2|+|x3|)ρ(β2(x4), β
2(x5))θ(β(x1), β(x2), α(x3))
−(−1)(|x3|+|x5|)(|x1|+|x2|)+|x4||x5|θ(β2(x3), β
2(x5), [β(x1), β(x2), α(x4)])
−(−1)(|x3|+|x5|)(|x1|+|x2|)+|x4||x5|ρ(β2(x3), β
2(x5))θ(β(x1), β(x2), α(x4))
+(−1)(|x3|+|x4|)(|x1|+|x2|)θ(β2(x3), β
2(x4), [β(x1), β(x2), α(x5)])
+(−1)(|x3|+|x4|)(|x1|+|x2|)ρ(β2(x3), β
2(x4))θ(β(x1), β(x2), α(x5)),
where x1, x2, x3, x4, x5 ∈ g. Then θ is called a 3-cocycle associated with ρ.
Proposition 3.4. Let (g, [., ., .], α, β) be a 3-Bihom-Lie superalgebra and (M,ρ, αM , βM ) a
representation of g. Assume that the maps α and βM are surjective. If θ is a 3-cocycle asso-
ciated with ρ. Then (g ⊕M, [., ., .]θ , α + αM , β + βM ) is a 3−Bihom-Lie superalgebra, where
α + αM ; β + βM : g ⊕M −→ g ⊕M are defined by (α + αM )(u + x) = α(u) + αM (x) and
(β + βM )(u+ x) = β(u) + βM (x), and the bracket [., ., .]θ is defined by
[u+ x, v + y,w + z]θ = [u, v, w] + θ(u, v, w) + ρ(u, v)(z) − (−1)
|v||w|ρ(u, α−1β(w))(αMβ
−1
M (y))
+ (−1)|u|(|v|+|w|)ρ(v, α−1β(w))(αMβ
−1
M (x)),
for all u, v, w ∈ g and x, y, z ∈M . (g⊕M, [., ., .]θ , α+αM , β + βM ) is called the Tθ-extension
of (g, [., ., .], α, β) by M , denoted by Tθ(g).
Proof. The proof is similar to Proposition 3.2.
Proposition 3.5. Let (g, [., ., .], α, β) be a 3−Bihom-Lie superalgebra and (M,ρ, αM , βM ) be
a representation of g. Assume that the maps α and β are surjective. f : g → M is a linear
map such that f ◦α = αM ◦ f and f ◦β = βM ◦ f . Then the 3−linear map θf : g× g× g→M
given by
θf (x, y, z) = f([x, y, z]) − ρ(x, y)f(z) + (−1)
|y||z|ρ(x, α−1β(z))f(αβ−1(y))
−(−1)(|y|+|z|)|x|ρ(y, α−1β(z))f(αβ−1(x)),
for all x, y, z ∈ g, is a 3−cocycle associated with ρ.
Proof. For any x, y, z ∈ g we have
θf (α(x), α(y), α(z))
= f([α(x), α(y), α(z)]) − ρ(α(x), α(y))f(α(z)) + (−1)|y||z|ρ(α(x), αα−1β(z))f(ααβ−1(y))
−(−1)(|y|+|z|)|x|ρ(α(y), αα−1β(z))f(ααβ−1(x))
= αMf([x, y, z]) − αMρ(x, y)f(z) + (−1)
|y||z|αMρ(x, α
−1β(z))f(αβ−1(y))
−(−1)(|y|+|z|)|x|αMρ(y, α
−1β(z))f(αβ−1(x))
= αM (f([x, y, z]) − ρ(x, y)f(z) + (−1)
|y||z|ρ(x, α−1β(z))f(αβ−1(y))
−(−1)(|y|+|z|)|x|ρ(y, α−1β(z))f(αβ−1(x)))
= αMθf (x, y, z).
14
We also have θf (β(x), β(y), β(z)) = βMθf (x, y, z).
Now, we have
θf (β(x), β(y), α(z))
= f([β(x), β(y), α(z)]) − ρ(β(x), β(y))(f(α(z)) + (−1)|y||z|ρ(β(x), αα−1β(z))f(αβ−1β(y))
−(−1)(|y|+|z|)|x|ρ(β(y), αα−1β(z))f(αβ−1β(x))
= −(−1)|x||y|f([β(y), β(x), α(z)]) + (−1)|x||y|(ρ(β(y), β(x))(f(α(z))
−(−1)(|y|+|z|)|x|ρ(β(x), αα−1β(z))f(αβ−1β(y)) + (−1)|y||z|ρ(β(y), αα−1β(z))f(αβ−1β(x))
= −(−1)|x||y|θf (β(y), β(x), α(z))
Similarly, we can get θf (β(x), β(y), α(z)) = −(−1)
|y||z|θf (β(x), β(z), α(y))
Finally, ∀x1, x2, x3, x4, x5 ∈ g, we have
θf (β
2(x1), β
2(x2), [β(x3), β(x4), β(x5)]) + ρ(β
2(x1), β
2(x2))θf (β(x3), β(x4), α(x5))
= f([β2(x1), β
2(x2), [β(x3), β(x4), α(x5)]])− ρ(β
2(x1), β
2(x2))f([β(x3), β(x4), α(x5)])
+(−1)|x2|(|x3|+|x4|+|x5|)ρ(β2(x1), α
−1β([β(x3), β(x4), α(x5)]))f(αβ(x2)
−(−1)|x1|(|x2|+|x3|+|x4|+|x5|)ρ(β2(x2), α
−1β([β(x3), β(x4), α(x5)]))f(αβ(x1))
+ρ(β2(x1), β
2(x2))(f([β(x3), β(x4), α(x5)])− ρ(β(x3), β(x4))f(α(x5)
+(−1)|x4||x5|ρ(β(x3), β(x5))f(α(x4)− (−1)
|x3|(|x4|+|x5|)ρ(β(x4), β(x5))f(α(x3)
= f([β2(x1), β
2(x2), [β(x3), β(x4), α(x5)]])
+(−1)|x2|(|x3|+|x4|+|x5|)ρ(β2(x1), α
−1β([β(x3), β(x4), α(x5)]))f(αβ(x2)
−(−1)|x1|(|x2|+|x3|+|x4|+|x5|)ρ(β2(x2), α
−1β([β(x3), β(x4), α(x5)]))f(αβ(x1)
+ρ(β2(x1), β
2(x2))(−ρ(β(x3), β(x4))f(α(x5)) + (−1)
|x4||x5|ρ(β(x3), β(x5))f(α(x4))
−(−1)|x3|(|x4|+|x5|)ρ(β(x4), β(x5))f(α(x3))
= (−1)(|x4|+|x5|)(|x1|+|x2|+|x3|)f([β2(x4), β
2(x5), [β(x1), β(x2), α(x3)]])
−(−1)(|x1|+|x5|)(|x1|+|x2|)+|x4||x5|f([β2(x3), β
2(x5), [β(x1), β(x2), α(x4)]])
+(−1)(|x3|+|x4|)(|x1|+|x2|)f([β2(x3), β
2(x4), [β(x1), β(x2), α(x5)]])
−(−1)(|x1|+|x2|+|x3|)(|x3|+|x4|+|x5|)+|x3|ρ(β2(x4), β
2(x5))ρ(β(x3), β(x1))f(α(x2))
−(−1)(|x1|+|x2|+|x5|)(|x3|+|x4|+|x5|)+|x5|ρ(β2(x5), β
2(x3))ρ(β(x4), β(x1))f(α(x2))
−(−1)|x1|(|x3|+|x4|+|x5|)ρ(β2(x3), β
2(x4))ρ(β(x5), β(x1))f(α(x2))
+(−1)(|x1|+|x2|+|x3|)(|x3|+|x4|+|x5|+|x5|)+|x3|+|x1||x2|ρ(β2(x4), β
2(x5))ρ(β(x3), β(x2))f(α(x1))
+(−1)(|x1|+|x2|+|x5|)(|x2|+|x3|+|x4|)+|x2|+|x1||x5|ρ(β2(x5), β
2(x3))ρ(β(x4), β(x2))f(α(x1))
+(−1)(|x1|+|x2|)(|x3|+|x4|+|x5|)+|x1||x2|ρ(β2(x3), β
2(x4))ρ(β(x5), β(x2))f(α(x1))
−(−1)(|x1|+|x2|)(|x3|+|x4|)ρ(β2(x3), β
2(x4))ρ(β(x1), β(x2))f(α(x5))
−ρ(α−1β([β(x1), β(x2), α(x3)]), β
2(x4))f(αβ(x5)
−(−1)|x3|(|x1|+|x2|)ρ(β2(x3), α
−1β([β(x1), β(x2), α(x4)]))f(αβ(x5))
+(−1)(|x1|+|x2|)(|x3|+|x5|)+|x4||x5|ρ(β2(x3), β
2(x5))ρ(β(x1), β(x2))f(α(x4))
+(−1)|x4||x5|ρ(α−1β([β(x1), β(x2), α(x3)]), β
2(x5))f(αβ(x4)
+(−1)(|x1|+|x2|)|x3|+|x4||x5|ρ(β2(x3), α
−1β([β(x1), β(x2), α(x5)]))f(αβ(x4))
−(−1)(|x1|+|x2|+|x3|)(|x4||x5|)ρ(β2(x4), β
2(x5))ρ(β(x1), β(x2))f(α(x3))
−(−1)|x3|(|x4|+|x5|)ρ(α−1β([β(x1), β(x2), α(x4)]), β
2(x5))f(αβ(x3)
−(−1)|x1|(|x2|+|x4|)+|x2||x4|ρ(β2(x4), α
−1β([β(x2), β(x1), α(x5)]))f(αβ(x3))
= (−1)(|x4|+|x5|)(|x1|+|x2|+|x3|)f([β2(x4),β
2(x5),[β(x1),β(x2),α(x3)]])
+(−1)|x4|(|x1|+|x2|+|x3|)ρ(β2(x4), α
−1β([β(x1), β(x2), α(x3)]))fαβ(x5)
−(−1)|x5|(|x1|+|x2|+|x3|)ρ(β2(x5), α
−1β([β(x1), β(x2), α(x3)]))fαβ(x4)
+(−1)|x5|(|x1|+|x2|+|x3|+|x4|)+|x3||x4|ρ(β2(x4), β
2(x5))
(
− ρ(β(x1), β(x2))fα(x3)
+(−1)|x2||x3|ρ(β(x1), β(x3))fα(x2)− (−1)
|x1|(|x2|+|x3|)ρ(β(x2), β(x3))fα(x1)
)
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−(−1)(|x3|+|x5|)(|x1|+|x2|)+|x4||x5|)f([β2(x3),β
2(x5),[β(x1),β(x2),α(x4)]])
−(−1)|x3|(|x1|+|x2|)ρ(β2(x3),α
−1β([β(x1),β(x2),α(x4)]))fαβ(x5)
+(−1)(|x4|+|x5|)(|x1|+|x2|+|x3|)ρ(β2(x5), α
−1β([β(x1), β(x2), α(x4)]))fαβ(x3)
−(−1)(|x3|+|x5|)(|x1|+|x2|)+|x4||x5|)ρ(β2(x3), β
2(x5))
(
− ρ(β(x1), β(x2))fα(x4)
+ρ(β(x1), β(x4))fα(x2)− (−1)
|x2||x4|ρ(β(x2), β(x4))fα(x1)
)
+(−1)(|x3|+|x4|)(|x1|+|x2|)f([β2(x3),β
2(x4),[β(x1),β(x2),α(x5)]])
+(−1)|x3|(|x1|+|x2|)ρ(β2(x3),α
−1β([β(x1),β(x2),α(x5)]))fαβ(x4)
−(−1)|x4|(|x1|+|x2|)+|x3|(|x4|+|x5|)ρ(β2(x4), α
−1β([β(x1), β(x2), α(x5)]))fαβ(x3)
+(−1)(|x3|+|x4|)(|x1|+|x2|)ρ(β2(x3), β
2(x4))
(
− ρ(β(x1), β(x2))fα(x5)
+(−1)|x2||x5|ρ(β(x1), β(x5))fα(x2)− (−1)
|x1|(|x2||x5|)ρ(β(x2), β(x5))fα(x1)
)
= (−1)(|x4|+|x5|)(|x1|+|x2|+|x3|)θ(β2(x4), β
2(x5), [β(x1), β(x2), α(x3)])
+(−1)(|x4|+|x5|)(|x1|+|x2|+|x3|)ρ(β2(x4), β
2(x5))θ(β(x1), β(x2), α(x3))
−(−1)(|x3|+|x5|)(|x1|+|x2|)+|x4||x5|θ(β2(x3), β
2(x5), [β(x1), β(x2), α(x4)])
−(−1)(|x3|+|x5|)(|x1|+|x2|)+|x4||x5|ρ(β2(x3), β
2(x5))θ(β(x1), β(x2), α(x4))
+(−1)(|x3|+|x4|)(|x1|+|x2|)θ(β2(x3), β
2(x4), [β(x1), β(x2), α(x5)])
+(−1)(|x3|+|x4|)(|x1|+|x2|)ρ(β2(x3), β
2(x4))θ(β(x1), β(x2), α(x5)).
Then θf is a 3-cocycle associated with ρ.
Corollary 3.6. Under the above notations, θ + θf is a 3−cocycle associated with ρ.
Proposition 3.7. Under the above notations, σ : Tθ(g) → Tθ+θf (g) is a isomorphism of
3-Bihom- Lie superalgebras, where σ(v + x) = v + f(v) + x, ∀v ∈ g, x ∈M .
Proof. It is clear that σ is a bijection.
Let vi ∈ g, xi ∈M, i = 1, 2, 3,
First, we have σ ◦ (α+αM )(v1+x1) = σ(α(v1)+αM (x1)) = α(v1)+ f ◦α(v1)+αM (x1) =
α(v1) + αM ◦ f(v1) + αM (x1) = (α + αM )(v1 + f(v1) + x1) = (α + αM ) ◦ σ(v1 + x1), then
σ ◦ (α+ αM ) = (α+ αM ) ◦ σ.
Similarly, σ ◦ (β + βM ) = (β + βM ) ◦ σ.
Now, we have
[σ(v1 + x1), σ(v1 + x1), σ(v1 + x1)]θ+θf
= [v1 + f(v1) + x1, v2 + f(v2) + x2, v3 + f(v3) + x3]θ+θf
= [v1, v2, v3] + (θ + θf )(v1, v2, v3) + ρ(v1, v2)(f(v3) + x3)
−(−1)|v2||v3|ρ(v1, α
−1β(v3))αMβ
−1
M (f(v2) + x2)
+(−1)|v1|(|v2|+|v3|)ρ(v2, α
−1β(v3))αMβ
−1
M (f(v1) + x1)
= [v1, v2, v3] + θ(v1, v2, v3) + f([v1, v2, v3])
−ρ(v1, v2)f(v3) + (−1)
|v2||v3|ρ(v1, α
−1β(v3))f ◦ αβ
−1(v2)
−(−1)|v1|(|v2||v3|)ρ(v2, α
−1β(v3))f ◦ αβ
−1(v1)
+ρ(v1, v2)f(v3)− (−1)
|v2||v3|ρ(v1, α
−1β(v3))αMβ
−1
M f(v2)
+(−1)|v1|(|v2|+|v3|)ρ(v2, α
−1β(v3))αMβ
−1
M f(v1)
+ρ(v1, v2)(x3)− (−1)
|v2||v3|ρ(v1, α
−1β(v3))αMβ
−1
M (x2)
+(−1)|v1|(|v2|+|v3|)ρ(v2, α
−1β(v3))αMβ
−1
M (x1)
= [v1, v2, v3] + f([v1, v2, v3]) + θ(v1, v2, v3) + ρ(v1, v2)(x3)
−(−1)|v2||v3|ρ(v1, α
−1β(v3))αMβ
−1
M (x2)
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+(−1)|v1|(|v2|+|v3|)ρ(v2, α
−1β(v3))αMβ
−1
M (x1)
= σ([v1, v2, v3] + θ(v1, v2, v3) + ρ(v1, v2)(x3)
−(−1)|v2||v3|ρ(v1, α
−1β(v3))αMβ
−1
M (x2)
+(−1)|v1|(|v2|+|v3|)ρ(v2, α
−1β(v3))αMβ
−1
M (x1))
= σ([v1 + x1, v2 + x2, v3 + x3]θ).
Then σ : Tθ(g)→ Tθ+θf (g) is a isomorphism of 3-Bihom- Lie superalgebras.
4 T
∗
θ -EXTENSIONS OF 3-BIHOM-LIE SUPERALGEBRAS
The method of T ∗-extension was introduced in [5] and has already been used for 3-Hom Lie
algebras in [18] and 3-Bihom-Lie algebras in [15].
Definition 4.1. Let (g, [., ., .], α, β) be a 3-Bihom-Lie superalgebra. A bilinear form f on g is
said to be nondegenerate if
g⊥ = {x ∈ g | f(x, y) = 0, ∀y ∈ g} = {0};
αβ−invariant if for all x1, x2, x3, x4 ∈ g,
f([β(x1), β(x2), α(x3)], α(x4)) = f(β(x1), [β(x2), α(x3), α(x4)]);
supersymmetric if for all x, y ∈ g,
f(x, y) = (−1)|x||y|f(y, x).
A subspace I of g is called isotropic if I ⊆ I⊥.
Definition 4.2. Let (g, [., ., .], α, β) be a 3−Bihom-Lie superalgebra over a field K. If g ad-
mits a nondegenerate, αβ−invariant and supersymmetric bilinear form f such that α, β are
f−symmetric (i.e. f(α(x), y) = f(x, α(y)), f(β(x), y) = f(x, β(y))), then we call (g, f, α, β)
a quadratic 3-Bihom-Lie superalgebra.
Let (g′, [., ., .]′, α′, β′) be another 3−Bihom-Lie superalgebra. Two quadratic 3-Bihom-Lie
superalgebras (g, f, α, β) and (g′, f ′, α′, β′) are said to be isometric if there exists a superalgebra
isomorphism φ : g→ g′ such that f(x, y) = f ′(φ(x), φ(y)), ∀x, y ∈ g.
Theorem 4.3. Let (g, [., ., .], α, β) be a 3-Bihom-Lie superalgebra and (M,ρ, αM , βM ) be a
representation of g. Let us consider M∗ the dual space of M and α˜M , β˜M : M
∗ → M∗ two
homomorphisms defined by α˜M (f) = f ◦ αM , β˜M (f) = f ◦ βM , ∀f ∈ M
∗. Then the super-
skewsymmetry linear map ρ˜ : g × g → End(M∗), defined by ρ˜(x, y)(f) = −(−1)|f |(|x|+|y|)f ◦
ρ(x, y), ∀f ∈M∗, x, y ∈ g, is a representation of g on (M∗, ρ˜, α˜M , β˜M ) if and only if for every
x, y, u, v ∈ g,
1. αM ◦ ρ(α(x), α(y)) = ρ(x, y) ◦ αM ,
2. βM ◦ ρ(β(x), β(y)) = ρ(x, y) ◦ βM ,
3. ρ(x, y)ρ(αβ(u), αβ(v))
= (−1)(|x|+|y|)(|u|+|v|)ρ(α(u), α(v))ρ(β(x), β(y))−(−1)(|x|+|y|)(|u|+|v|)βMρ([β(u), β(v), x], β(y))
− (−1)|y|(|u|+|v|)βMρ(β(x), [β(u), β(v), y]),
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4. βMρ([β(u), β(v), x], β(y))
= −(−1)|y|(|v|+|x|)ρ(α(u), y)ρ(αβ(v), β(x))−(−1)|u|(|x|+|y|+|v|)+|x||y|ρ(α(v), y)ρ(β(x), αβ(u))
− (−1)(|x|+|y|)(|u|+|v|)ρ(x, y)ρ(αβ(u), αβ(v)).
Proof. Let f ∈M∗, x, y, u, v ∈ g. First, we have
(ρ˜(α(u), α(v))◦α˜M )(f) = −(−1)
|f |(|u|+|v|)α˜M (f)◦ρ(α(u), α(v)) = −(−1)
|f |(|u|+|v|)f◦αM◦ρ(α(u), α(v))
and α˜M ◦ ρ˜(u, v)(f) = −(−1)
|f |(|u|+|v|)α˜M (f ◦ρ(u, v)) = −(−1)
|f |(|u|+|v|)f ◦ρ(u, v)◦αM , which
implies
ρ˜(α(u), α(v)) ◦ α˜M = α˜M ◦ ρ˜(u, v)⇔ αM ◦ ρ(α(u), α(v)) = ρ(u, v) ◦ αM .
Similarly, ρ˜(β(u), β(v)) ◦ β˜M = β˜M ◦ ρ˜(u, v)⇔ βM ◦ ρ(β(u), β(v)) = ρ(u, v) ◦ βM .
Then we can get
ρ˜(αβ(u), αβ(v)) ◦ ρ˜(x, y)(f) = −(−1)|f |(|x|+|y|)ρ˜(αβ(u), αβ(v))(fρ(x, y))
= (−1)|f |(|x|+|y|+|u|+|v|)+(|u|+|v|)(|x|+|y|)fρ(x, y)ρ(αβ(u), αβ(v))
and (
ρ˜(β(x), β(y)) ◦ ρ˜(α(u), α(v)) + ρ˜([β(u), β(v), x], β(y)) ◦ β˜M
+ρ˜(β(x), [β(u), β(v), y]) ◦ β˜M
)
(f)
= (−1)|f |(|x|+|y|+|u|+|v|)+(|u|+|v|)(|x|+|y|)fρ(α(u), α(v))ρ(β(x), β(y))
−(−1)|f |(|x|+|y|+|u|+|v|)fβMρ([β(u), β(v), x], β(y))
−(−1)|f |(|x|+|y|+|u|+|v|)fβMρ(β(x), [β(u), β(v), y]),
which implies
ρ˜(αβ(u), αβ(v)) ◦ ρ˜(x, y)
= (−1)(|x|+|y|)(|u|+|v|)ρ˜(β(x),β(y))◦ρ˜(α(u),α(v))+ρ˜([β(u),β(v),x],β(y))◦β˜M
+(−1)|x|(|u|+|v|)ρ˜(β(x), [β(u), β(v), y])◦β˜M
if and only if
ρ(x, y)ρ(αβ(u), αβ(v))
= (−1)(|x|+|y|)(|u|+|v|)ρ(α(u), α(v))ρ(β(x), β(y)) − (−1)(|x|+|y|)(|u|+|v|)βMρ([β(u), β(v), x], β(y))
−(−1)|y|(|u|+|v|)βMρ(β(x), [β(u), β(v), y]),
In the same way,
ρ˜([β(u), β(v), x], β(y))β˜M
= (−1)|u|(|x|+|v|)ρ˜(αβ(v), β(x))◦ρ˜(α(u), y)+(−1)|x|(|u|+|v|)ρ˜(β(x), αβ(u))◦ρ˜(α(v), y)
+ρ˜(αβ(u), αβ(v))◦ρ˜(x, y)
if and only if
βMρ([β(u), β(v), x], β(y))
= −(−1)|y|(|v|+|x|)ρ(α(u), y)ρ(αβ(v), β(x))− (−1)|u|(|x|+|y|+|v|)+|x||y|ρ(α(v), y)ρ(β(x), αβ(u))
− (−1)(|x|+|y|)(|u|+|v|)ρ(x, y)ρ(αβ(u), αβ(v)).
That shows the theorem holds.
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Corollary 4.4. Let ad be the adjoint representation of a 3-Bihom-Lie superalgebra (g, [·, ·, ·],
α, β). Let us consider the bilinear map ad∗ : g× g→ End(g∗) defined by
ad∗(x, y)(f) = −(−1)|f |(|x|+|y|)f ◦ ad(x, y), ∀x, y ∈ g.
Then ad∗ is a representation of g on (g∗, ad∗, α˜, β˜) if and only if
1. α ◦ ad(α(x), α(y)) = ad(x, y) ◦ α,
2. β ◦ ad(β(x), β(y)) = ad(x, y) ◦ β,
3.
ad(x, y)ad(αβ(u), αβ(v))
= (−1)(|x|+|y|)(|u|+|v|)ad(α(u), α(v))ad(β(u), β(v))− (−1)(|x|+|y|)(|u|+|v|)βad([β(u), β(v), x], β(y))
−(−1)|y|(|u|+|v|)βad(β(x), [β(u), β(v), y]),
4. βad([β(u), β(v), x], β(y))
=−(−1)|y|(|v|+|x|)ad(α(u), y)ad(αβ(v), β(x))−(−1)|u|(|x|+|y|+|v|)+|x||y|ad(α(v), y)ad(β(x), αβ(u))
− (−1)(|x|+|y|)(|u|+|v|)ad(x, y)ad(αβ(u), αβ(v)),
We call the representation ad∗ the coadjoint representation of g.
Definition 4.5. Let g be a 3-Bihom-Lie superalgebra over a field K. We inductively define a
derived series
(g(n))n≥0 : g
(0) = g, g(n+1) = [g(n), g(n), g]
and a central descending series
(gn)n≥0 : g
0 = g, gn+1 = [gn, g, g].
g is called solvable and nilpotent (of length k) if and only if there is a (smallest) integer k
such that g(k) = 0 and gk = 0, respectively.
Theorem 4.6. Let (g, [·, ·, ·], α, β) be a 3-Bihom-Lie superalgebra over a field K.
1. If g is solvable, then (g⊕ g∗, [·, ·, ·]θ , α+ α˜, β + β˜) is solvable.
2. If g is nilpotent, then (g⊕ g∗, [·, ·, ·]θ , α+ α˜, β + β˜) is nilpotent.
Proof. 1. We suppose that g is solvable of length s, i.e. g(s) = [g(s−1), g(s−1), g] = 0. We
claim that (g ⊕ g∗)(k) ⊆ g(k) + g∗, which we prove by induction on k. The case k = 1,
by Proposition 3.5, we have
(g⊕ g∗)(1) = [g⊕ g∗, g⊕ g∗, g⊕ g∗]θ
= [g, g, g]θ + [g, g, g
∗]θ + [g, g
∗, g]θ + [g
∗, g, g]θ
= [g, g, g] + θ(g, g, g) + [g, g, g∗]θ + [g, g
∗, g]θ + [g
∗, g, g]θ
⊆ g(1) + g∗.
By induction, (g⊕ g∗)(k−1) ⊆ g(k−1) + g∗. So
(g⊕ g∗)(k)
= [(g⊕ g∗)(k−1), (g⊕ g∗)(k−1), g⊕ g∗]θ
⊆ [g(k−1) + g∗, g(k−1) + g∗, g⊕ g∗]θ
= [g(k−1), g(k−1), g] + θ(g(k−1), g(k−1), g) + [g(k−1), g(k−1), g∗]θ + [g
(k−1), g∗, g]θ
+[g∗, g(k−1), g]θ
⊆ g(k) + g∗.
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Therefore
(g⊕ g∗)(s+1)
⊆ [g(s), g(s), g] + θ(g(s), g(s), g) + [g(s), g(s), g∗]θ + [g
(s), g∗, g]θ + [g
∗, g(s), g]θ
= 0.
It follows (g⊕ g∗, [·, ·, ·]θ , α+ α˜, β + β˜) is solvable.
2. Suppose that g is nilpotent of length s. Since (g ⊕ g∗)s/g∗ ∼= gs and gs = 0, we have
(g ⊕ g∗)s ⊆ g∗. Let h ∈ (g⊕ g∗)s ⊆ g∗, b ∈ g, xi + fi, yi + gi ∈ g⊕ g
∗, 1 ≤ i ≤ s − 1,
we have
[[· · · [h, x1 + f1, y1 + g1]θ, · · · ]θ, xs−1 + fs−1, ys−1 + gs−1]θ(b)
= (−1)(|x1|+|y1|)|h|+(|x2|+|y2|)(|x1|+|y1|+|h|)+···+(|xs|+|ys|)(|x1|+|y1|+···+···|xs−1|+|ys−1|+|h|)
×hαβ−1ad(x1,α
−1β(y1))αβ
−1ad(x2,α
−1β(y2))· · ·αβ
−1ad(xs−1,α
−1β(ys−1))(b)
= (−1)(|x1|+|y1|)|h|+(|x2|+|y2|)(|x1|+|y1|+|h|)+···+(|xs|+|ys|)(|x1|+|y1|+···+···|xs−1|+|ys−1|+|h|)
×hαβ−1([x1, α
−1β(y1), α
−1β[x2, α
−1β(y2),· · ·, αβ
−1[xs−1, α
−1β(ys−1), b] · · · ]])
∈ h(gs) = 0.
Thus (g⊕ g∗, [·, ·, ·]θ , α+ α˜, β + β˜) is nilpotent.
Now we consider the following symmetric bilinear form qg on g⊕ g
∗,
qg(x+ f, y + g) = f(y) + (−1)
|x||y|g(x), ∀x+ f, y + g ∈ g⊕ g∗.
Obviously, qg is nondegenerate. In fact, if x+ f is orthogonal to all elements y + g of g⊕ g
∗,
then f(y) = 0 and (−1)|x||y|g(x) = 0, which implies that x = 0 and f = 0.
Lemma 4.7. Let qg be as above. Then the 4-tuple (g ⊕ g
∗, qg, α + α˜, β + β˜) is a quadratic
3-Bihom-Lie superalgebra if and only if θ satisfies for all x1, x2, x3, x4 ∈ g,
θ(β(x1), β(x2), α(x3))(α(x4)) + (−1)
|x3||x4|θ(β(x1), β(x2), α(x4))(α(x3)) = 0.
Proof. Now suppose that xi + fi ∈ g⊕ g
∗, i = 1, 2, 3, 4, we have
qg((α+ α˜)(x1 + f1), x2 + f2) = qg(α(x1) + f1 ◦ α, x2 + f2)
= f1(α(x2)) + (−1)
|x1||x2|f2 ◦ α(x1)
= qg(x1 + f1, (α + α˜)(x2 + f2)).
Then α+ α˜ is qg-symmetric. In the same way, β + β˜ is qg-symmetric.
Next, we can obtain
qg
(
[(β + β˜)(x1 + f1), (β + β˜)(x2 + f2), (α + α˜)(x3 + f3)]θ, (α + α˜)(x4 + f4)
)
+(−1)|x3|(|x1|+|x2|)qg
(
(α+ α˜)(x3 + f3), [(β + β˜)(x1 + f1), (β + β˜)(x2 + f2), (α+ α˜)(x4 + f4)]θ
)
= qg
(
[β(x1) + f1 ◦ β, β(x2) + f2 ◦ β, α(x3) + f3 ◦ α]θ, α(x4) + f4 ◦ α
)
+(−1)|x3|(|x1|+|x2|)qg
(
α(x3) + f3 ◦ α, [β(x1) + f1 ◦ β, β(x2) + f2 ◦ β, α(x4) + f4 ◦ α]θ
)
= qg
(
[β(x1), β(x2), α(x3)] + θ(β(x1), β(x2), α(x3)) + ad
∗(β(x1), β(x2))(f3 ◦ α)
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−(−1)|x2||x3|ad∗(β(x1), α
−1βα(x3))α˜β˜
−1(f2 ◦ β)
+(−1)|x1|(|x2|+|x3|)ad∗(β(x2), α
−1βα(x3))α˜β˜
−1(f1 ◦ β),
α(x4) + f4 ◦ α
)
+ (−1)|x3|(|x1|+|x2|)qg
(
α(x3) + f3 ◦ α, [β(x1), β(x2), α(x4)]
+θ(β(x1), β(x2), α(x4)) + ad
∗(β(x1), β(x2))(f4 ◦ α)− (−1)
|x2||x4|ad∗(β(x1),
α−1βα(x4))α˜β˜
−1(f2 ◦ β) + (−1)
|x1|(|x2|+|x4|)ad∗(β(x2), α
−1βα(x4))α˜β˜
−1(f1 ◦ β)
)
= θ(β(x1), β(x2), α(x3))(α(x4))−(−1)
|f3|(|x1|+|x2|)f3α([β(x1), β(x2), α(x4)])
+(−1)|x2||x3|+|f2|(|x1|+|x3|)f2α([β(x1), β(x3), α(x4)])
−(−1)(|x1|+|f1|)(|x2|+|x3|)f1α([β(x2), β(x3), α(x4)])+f4α([β(x1), β(x2), α(x3)])
+(−1)|x3|(|x1|+|x2|+|x4|)(−1)|x3|(|x1|+|x2|)θ(β(x1), β(x2), α(x4))(α(x3))
−(−1)|f4|(|x1|+|x2|)f4α([β(x1), β(x2), α(x3)])
+(−1)|x3|(|x2|+|x4|)+|f2|(|x1|+|x3|)f2α([β(x1), β(x4), α(x3)])
−(−1)(|x1|+|f1|)(|x2|+|x3|)+|x3||x4|f1α([β(x2), β(x4), α(x3)])
+(−1)|f3|(|x1|+|x2|)f3α([β(x1), β(x2), α(x4)])
= θ(β(x1), β(x2), α(x3))(α(x4)) + (−1)
|x3|x4||θ(β(x1), β(x2), α(x4))(α(x3)),
which implies
qg
(
[(β + β˜)(x1 + f1), (β + β˜)(x2 + f2), (α + α˜)(x3 + f3)]θ, (α+ α˜)(x4 + f4)
)
+ (−1)|x3|(|x1|+|x2|)qg
(
(α+ α˜)(x3 + f3), [(β + β˜)(x1 + f1), (β + β˜)(x2 + f2), (α + α˜)(x4 + f4)]θ
)
= 0
if and only if θ(β(x1), β(x2), α(x3))(α(x4)) + (−1)
|x3|x4||θ(β(x1), β(x2), α(x4))(α(x3)) = 0.
Hence the lemma follows.
Now, we shall call the quadratic 3-Bihom-Lie superalgebra (g ⊕ g∗, qg, α + α˜, β + β˜) the
T ∗θ -extension of g (by θ) and denote by T
∗
θ (g).
Lemma 4.8. Let (g, qg, α, β) be a 2n-dimensional quadratic 3-Bihom-Lie superalgebra over a
field K (chK 6= 2), α be surjective and I be an isotropic n-dimensional subspace of g. If I is
a Bihom-ideal of (g, [·, ·, ·], α, β), then [β(I), β(g), α(g)] = 0.
Proof. Since dimI+dimI⊥ = n + dim I⊥ = 2n and I ⊆ I⊥, we have I = I⊥. If I is a
Bihom-ideal of (g, [·, ·], α, β), then
qg([β(I), β(g), α(I
⊥)], α(g)) = ±qg(α(I
⊥), [β(I), β(g), α(g)])
⊆ qg(α(I
⊥), [I, β(g), α(g)])
⊆ qg(I
⊥, I) = 0,
which implies [β(I), β(g), α(I)] = [β(I), β(g), α(I⊥)] ⊆ α(g)⊥ = g⊥ = 0.
Theorem 4.9. Let (g, qg, α, β) be a quadratic regular 3-Bihom-Lie superalgebra of dimensional
2n over a field K (chK 6= 2). Then (g, qg, α, β) is isometric to a T
∗
θ -extension (T
∗
θ (B), qB , α
′
, β
′
)
if and only if (g, [·, ·, ·], α, β) contains an isotropic Bihom-ideal I of dimension n. In particular,
B ∼= g/I.
Proof. (=⇒) Suppose φ : B⊕B∗ → g is isometric, we have φ(B∗) is a n-dimensional isotropic
Bihom-ideal of g. In fact, since φ is isometric, dimB ⊕ B∗ = dimg = 2n, which implies
dimB∗ = dimφ(B∗) = n. And 0 = qB(B
∗, B∗) = qg(φ(B
∗), φ(B∗)), we have φ(B∗) ⊆ φ(B∗)⊥.
By [φ(B∗), g, g] = [φ(B∗), φ(B ⊕B∗), φ(B⊕B∗)] = φ([B∗, B⊕B∗, B⊕B∗]θ) ⊆ φ(B
∗), φ(B∗)
is a Bihom-ideal of g. Furthermore, B ∼= B ⊕B∗/B∗ ∼= g/φ(B∗).
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(⇐=) Suppose that I is a n-dimensional isotropic 3- Bihom-ideal of g. By Lemma 4.8,
[β(I), β(g), α(I)] = 0. Let B = g/I and p : g→ B be the canonical projection. We can choose
an isotropic complement subspace B0 to I in g, i.e. g = B0∔ I and B0 ⊆ B
⊥
0 . Then B
⊥
0 = B0
since dimB0 = n.
Denote by p0 (resp. p1) the projection g = B0 ∔ I → B0 (resp. g = B0 ∔ I → I) and let
q∗g : I → B
∗ is a linear map, where q∗g(i)(x¯) := qg(i, x), ∀ i ∈ I, x¯ ∈ B = g/I. We claim that q
∗
g
is a vector space isomorphism. In fact, if x¯ = y¯, then x−y ∈ I, hence qg(i, x−y) ∈ qg(I, I) = 0
and so qg(i, x) = qg(i, y), which implies q
∗
g is well-defined and it is easy to see that q
∗
g is linear.
If q∗g(i) = q
∗
g(j), then q
∗
g(i)(x¯) = q
∗
g(j)(x¯), ∀x ∈ g, i.e. qg(i, x) = qg(j, x), which implies
i− j ∈ g⊥ = 0, hence q∗g is injective. Note that dim I = dimB
∗ = n, then q∗g is surjective.
In addition, q∗g has the following property, ∀x, y, z ∈ g, i ∈ I,
q∗g([β(x), β(y), α(i)])(α¯(z¯)) = qg([β(x), β(y), α(i)], α(z))
= (−1)|i|(|x|+|y|)qg(α(i), [β(x), β(y), α(z)])
= (−1)|i|(|x|+|y|)q∗g(α(i))([β(x), β(y), α(z)])
= (−1)|i|(|x|+|y|)q∗g(α(i))([β(x), β(y), α(z)])
= (−1)|i|(|x|+|y|)q∗g(α(i))ad(β(x), β(y))(α(z))
= ad∗(β(x), β(y))q∗g(α(i))(α(z)).
A similar computation shows that
q∗g([β(x), β(i), α(y)]) = −(−1)
|y||i|ad∗(β(x), β(y))q∗g(α(i)),
q∗g([β(i), β(x), α(y)]) = (−1)
(|x|+|y|)|i|ad∗(β(x), β(y))q∗g(α(i)).
Define a 3-linear map
θ : B ×B ×B −→ B∗
(b¯1, b¯2, b¯3) 7−→ q
∗
g(p1([b1, b2, b3])),
where b1, b2, b3 ∈ B0. Then θ is well-defined since p|B0 is a vector space isomorphism.
Now define the bracket [·, ·, ·]θ on B⊕B
∗ by Proposition 3.5, we have B⊕B∗ is a algebra.
Let ϕ : g → B ⊕ B∗ be a linear map defined by ϕ(x + i) = x¯ + q∗g(i), ∀x+ i ∈ B0 ∔ I = g.
Since p|B0 and q
∗
g are vector space isomorphisms, ϕ is also a vector space isomorphism. Note
that ϕα(x + i) = ϕ(α(x) + α(i)) = α(x) + q∗g(α(i)) = α(x) + q
∗
g(i)α¯ = (α¯ + ˜¯α)(x¯ + q
∗
g(i)) =
(α¯+˜¯α)ϕ(x+i), i.e. ϕα = (α¯+˜¯α)ϕ. By the same way, ϕβ = (β¯+ ˜¯β)ϕ. Furthermore, ∀x, y, z ∈ g,
i, j, k ∈ I,
ϕ([β(x + i), β(y + j), α(z + k)])
= ϕ([β(x) + β(i), β(y) + β(j), α(z) + α(k)])
= ϕ([β(x), β(y), α(z)] + [β(x), β(y), α(k)] + [β(x), β(j), α(z)] + [β(x), β(j), α(k)]
+[β(i), β(y), α(z)] + [β(i), β(y), α(k)] + [β(i), β(j), α(z)] + [β(i), β(j), α(k)])
= ϕ([β(x), β(y), α(z)] + [β(x), β(y), α(k)] + [β(x), β(j), α(z)] + [β(i), β(y), α(z)])
= ϕ(p0([β(x), β(y), α(z)])+p1([β(x), β(y), α(z)])+[β(x), β(y), α(k)]+[β(x), β(j), α(z)]
+[β(i), β(y), α(z)])
= [β(x), β(y), α(z)] + q∗g
(
p1([β(x), β(y), α(z)]) + [β(x), β(y), α(k)] + [β(x), β(j), α(z)]
+[β(i), β(y), α(z)]
)
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= [β(x), β(y), α(z)] + θ(β(x), β(y), α(z)) + ad∗(β(x), β(y))q∗g(α(k))
−(−1)|j||z|ad∗(β(x), β(z))q∗g(α(j)) + (−1)
|i|(|y|+|z|)ad∗(β(y), β(z))q∗g(α(i))
= [β(x) + q∗g(β(i)), β(y) + q
∗
g(β(j)), α(z) + q
∗
g(α(k))]θ
= [ϕ(β(x) + β(i)), ϕ(β(y) + β(j)), ϕ(α(z) + α(k))]θ .
Then ϕ is an
isomorphism of superalgebras, and (B⊕B∗, [·, ·, ·]θ , α¯+˜¯α, β¯+
˜¯β) is a 3-Bihom-Lie superalgebra.
Furthermore, we have
qB(ϕ(x+ i), ϕ(y + j)) = qB(x¯+ q
∗
g(i), y¯ + q
∗
g(j))
= q∗g(i)(y¯) + q
∗
g(j)(x¯)
= qg(i, y) + qg(j, x)
= qg(x+ i, y + j),
then ϕ is isometric. And ∀x, y, z, w ∈ g, the relation
qB([(β¯ +
˜¯β)(ϕ(x)), (β¯ + ˜¯β)(ϕ(y)), (α¯ + ˜¯α)(ϕ(z))]θ , (α¯+ ˜¯α)(ϕ(w)))
= qB([ϕ(β(x)), ϕ(β(y)), ϕ(α(z))]θ , ϕ(α(w))) = qB(ϕ([β(x), β(y), α(z)]), ϕ(α(w)))
= qg([β(x), β(y), α(z)], α(w)) = −(−1)
|z|(|x|+|y|)qg(α(z), [β(x), β(y), α(w)])
= −(−1)|z|(|x|+|y|)qB(ϕ(α(z)), [ϕ(β(x)), ϕ(β(y)), ϕ(α(w))]θ )
= −(−1)|z|(|x|+|y|)qB((β¯ +
˜¯β)(ϕ(z)), [(β¯ + ˜¯β)(ϕ(x)), (β¯ + ˜¯β)(ϕ(y)), (α¯ + ˜¯α)(ϕ(w))]θ),
which implies that qB is αβ-invariant. So (B ⊕B
∗, qB , β¯ +
˜¯β, α¯+ ˜¯α) is a quadratic 3-Bihom-
Lie superalgebra. Thus, the T ∗θ -extension (B ⊕ B
∗, qB , β¯ +
˜¯β, α¯ + ˜¯α) of B is isometric to
(g, qg, α, β).
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